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MD F1roz ALI', VASUDEVARAO ALLU?, DEREK K. THOMAS?

! Visvesvaraya National Institute of Technology Nagpur (Nagpur, India)
2 National Institute of Technology Calicut (Calicut, India)
3 Swansea University (Swansea, United Kingdom)

On the Third Logarithmic Coefficient of Close-to-convex Functions

Let f be analytic in the unit disk D = {z € C: |z] < 1}, and S be the subclass of normalized
univalent functions in D. For the subclass of close-to-convex functions f, we discus the problem
of finding the sharp bounds for the real part, and absolute value of the 3rd logarithmic coefficient
~3 of f, where 7, is defined by

f(z) S
log —= =2 2.
0g = ;7 2

RosiHAN M. ALI

School of Mathematical Sciences, Universiti Sains Malaysia (Penang, Malaysia)
Bohr inequality a century ago revisited

In 1914, Harald Bohr showed that Y 7 |a,|r™ < 1 holds for 0 < r < 1/6 whenever
| >0 yanz"| < 1 in the unit disk U of the complex plane. The largest such radius r, known as
the Bohr radius, has been established to be 1/3. Thus

d (Z |anz"], aol) < d(f(0),0U)
n=0

for every analytic self-map f of the unit disk, where d is the Euclidean distance, and |z| < 1/3.

We find the Bohr radius for certain power series in U. The Bohr radius is also studied for
analytic functions from U into specified domains €2, in particular, when €} is a concave wedge-
domain. The analogous Bohr radius is also studied for harmonic and log-harmonic mappings in
U.

The classical Bohr inequality is further studied in the Poincaré disk model of the hyperbolic
plane. A sharp hyperbolic Bohr radius of tanh(1/2)/3 is obtained for analytic self-maps of the
hyperbolic unit disk. The hyperbolic Bohr radius is next investigated for the h-convex hull of
a given set lying in an open half-plane of the unit disk. In this case, the sharp Bohr radius
tanh(1/2)/3 is also obtained.

Keywords: Bohr radius, analytic functions, harmonic functions, Poincaré metric, concave
wedge-domain, hyperbolic plane.
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VASUDEVARAO ALLU', DEREK K. THOMAS?

! Visvesvaraya National Institute of Technology Nagpur (Nagpur, India)
2Swansea University (Swansea, United Kingdom))

The Logarithmic Coefficients of Univalent Functions - An Overview

Let f be analytic in the unit disk D = {z € C: |z| < 1} and § be the subclass of normalized
univalent functions in D. We give a summary of some of the significant results concerning the
logarithmic coefficients 7, of univalent functions f, defined by

f(2) S
log —— =2 n nv
0g — nz::lfy z

together with results for the major subclasses of S.

ApaM AUGUSTYNIAK

University of Warmia and Mazury in Olsztyn (Olsztyn)
CPU and GPU String matching - in the context of dictionary attacks

The aim of the paper is to present the topic of string matching, in the context of cracking
passwords, using brute force dictionary methods, as well as presenting the possibilities offered
by the use of graphics cards to speed up the calculations related to the topic. The paper consists
of two parts.

In the first part, I will present basic issues, such as:

(a) The problem of string matching. What is it, as well as selected solutions to this problem
- naive method, Knuth-Morris-Pratt algorithm, Boyer-Moor algorithm, Horspool algo-
rithm. I will also explain pros and cons of these methods in the context of cracking
passwords.

(b) Differences in the GPU and CPU architecture with an indication of why the use of a
graphics card can be profitable.

(c) Presenting how to break passwords, overthrow the “one to one” myth.

In the second part, I will discuss an experiment about breaking the password to a protected

file.

(a) Presentation of algorithms, methodologies, and equipment used in the process.
(b) Presentation and discussion about the results. Forming conclusions.

At the end of the paper, I would like to talk about improvements to the algorithms created
for implementation and show the possibilities to make them more effective.

Keywords: String matching, password cracking, GPGPU.
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MARCIN BADUROWICZ
Politechnika Lubelska (Lublin)

CRADIA: Zintegrowany system oceny jako$ci dré6g w postaci
aplikacji mobilnej

Autorzy chcieliby zaprezentowaé koncepcje oraz prototypows implementacje systemu CRA-
DIA (Community Road Artefact Detection, Identification and quality Assessment) pozwala-
jacego na detekcje, identyfikacje oraz ocene tzw. artefaktow drogowych (ubytkow nawierzchni,
studzienek kanalizacyjnych, progéow zwalniajacych itp.), jak rowniez ogdlnej jakosci nawierzchni
drogi w sposob intuicyjny i prosty do zrozumienia dla uzytkownika. System opiera sie o trzy as-
pekty: urzadzenia typu,smartphone” i odpowiednia aplikacje wykorzystujaca czujniki urzadzenia
jako dostawce danych [1], gromadzenie danych za pomoca koncepcji aplikacji spotecznosciowe;j [3]
oraz przetwarzanie strumieniowe zbudowane jako system w architekturze Lambda w §rodowisku
chmurowym [2]. W artykule zostana przedstawione informacje o koncepcji budowy systemu, o
metodach wykrywania i analizy artefaktow drogowych oraz o metodach agregacji danych zbier-
anych w architekturze spoteczno$ciowej. Zostana zaprezentowane rowniez wyniki dziatania sys-
temu w oparciu o zestaw danych testowych zgromadzonych w czasie prac nad systemem.

LITERATURA

[1] M. Badurowicz, J. Montusiewicz, Identifying road artefacts with mobile devices, Communications in Computer
and Information Science, Springer, Berlin, Germany, 2015, ISSN 1865-0929, pp. 504-514.

[2] M. Badurowicz, T. Cieplak, J. Montusiewicz, On-the-fly community-driven mobile accelerometer data analysis
system for road quality assessment, Applied Computer Science 4 (2016), 18-27.

[3] M. Badurowicz, J. Montusiewicz, T. Cieplak, Community-Driven Road Quality Assessment for Users and
Territorial Government Organizations, Roczniki Kolegium Analiz Ekonomicznych z. 46 (2017), 13-22.

ANDRIY BANDURA

Ivano-Frankivsk National Technical University of Oil and Gas (Ivano-Frankivsk, Ukraine)
Meromorphic functions of bounded /-index

Let f : C — C be a meromorphic function of finite order. Then by Hadamard’s Theorem the function f
admits representation f = fi1/f2, where fi and f» are entire functions from the theorem. There are known
many differential equations which have only meromorphic solutions. For example, Riccati’s equation, Painlevé’s
equations, Briot-Bouquet’s equation and etc. Despite the second century of their exploration these equations are
still interesting for many mathematicians. At the same time, for differential equations with entire solutions there
is well developed theory of functions of bounded index. The concept has a few advantages in the comparison with
traditional approaches to study the properties of entire solutions of differential equations. In particular, if an
entire solution has a bounded index, then it immediately yields its growth estimates, a uniform in a some sense
distribution of its zeros, a certain regular behavior of the solution, etc [1, 4].

Let [ : C — R+ be a fixed positive continuous function, where R4+ = (0,400). An entire function f is said to
be of bounded [—index [3] if there exists an integer m such that for all p and all z € C,

Mgmax{m:ogsgm}.
»(z)p! 15(2)s!
The least such integer m is called the l-index of f and is denoted by N(f;1).

Here we propose the following generalization of the concept of bounded I-index. We say that a meromorphic
function f = fi/f2 of finite order is of bounded I-index if the entire functions fi; and f2 are of bounded I-
index where the functions f1, fo are defined above. And the l-index of the function f is defined as N(f,1) =
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max{N(f1;1), N(f;l2)}. Let Q be a class of continuous functions [ : C — R such that

. l(t1) . T
Ar) = sup { I(;) " 11—l < min{zm),zaz)}}

is finite for all » > 0. Let n (r,z, %) = Z‘ak_z‘al be a counting zero function and n(r, z, f) = Zlbk—2\<r 1 be

a counting pole function, where z is a fixed point, (ax)ren is a zero sequence of the function f and (bx)ken is a
pole sequence of the function f. Let us write

Ga(f1) :U{z - an| < %} Go(f2) :U{z Sz —ba] < z(gn)}'

n n

Denote

n(r,f) =supn(r,z, f), n <r, l) =supn <r,z7 l) , n(r) =max {n(r, f,n (r, l) } .
zeC f zeC f f

Theorem. Supposel € Q, f = fi/f2 be a meromorphic function of finite order, where f1, f2 are defined above.
If
(1) there exists r1 > 0 such that n(r1) € (0;00);
(2) there exist ro > 0 and P > 0 such that 2n(r1)re < r1/A(r2) and for each z € C\Gr,(f;), j € {1,2}, the
inequality
1£(2)

|£3(2)

holds, where r1 is chosen from (1), then the function f has bounded l-index.

< Pl(z)

REFERENCES

[1] A. Bandura, O. Skaskiv, P. Filevych, Properties of entire solutions of some linear PDE’s, J. Appl. Math.
Comput. Mech. 16 (2017), no. 2, 17-28.

[2] A. I Bandura, Some improvements of criteria of L-index boundedness in direction, Mat. Stud. 47 (2017),
no. 1, 27-32.

[3] A. D. Kuzyk, M. N. Sheremeta, Entire functions of bounded l-distribution of values, Math. Notes 39 (1986),
no. 1, 3-8.

[4] M. N. Sheremeta, A. D. Kuzyk, Logarithmic derivative and zeros of an entire function of bounded l-indez,
Sib. Math. J. 33 (1992), no. 2, 304-312.

Yurit BLOSHKO!, OksaNa OLAR!, ZBIGNIEW SURAJ?

L Computer Systems and Networks Department, Yuriy Fedkovych Chernivtsi National University
(Chernivtsi, Ukraine)
2 Department of Computer Science, University of Rzeszéw (Rzeszow)

Conception of Fuzzy Petri Net to Solve Transport Logistics Problems

The present study concerns the principles of using fuzzy Petri nets to model expert knowledge by generating
production rules derived from the analysis of the context of transport logistics [3]. This methodology ensured the
creation of an effective mathematical model for finding an optimal set of vehicles or companies. The resulting
Petri net concept associated with fuzzy logic may be useful in creating a decision-making system for a given
problem.

Formalization of production rules ensures the interrelation of an object with properties and provides an op-
portunity for the expert in the context of transport logistics to evaluate the properties in the range [0,1].

The fuzzy Petri net models are implemented in the PNeS software [4] based on the received rules base of
products. In addition to the best-performing vehicle, this model also provides the ability to compare results
between different industries and make some changes if it meets the requirements. Moreover, this allows us to
determine which company from the proposed list is best suited in every field of agricultural transport: auto,
aircraft and rail.

This methodology is based on production rules [1], triangular rules (t-norms and s-norms) [2], fuzzy Petri net
[5] to get the idea of decision-making in the transport logistics problem.
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PioTr BLASZCZYK

Uniwersytet Pedagogiczny w Krakowie (Krakow)
Teoria proporcji w Dioptryce Kartezjusza

Dioptryka, Geometria oraz Meteory stanowia eseje naukowe opublikowane przez Kartezjusza w 1637 roku
pod wspélng nazwa Rozprawa o metodzie [4]. Istotnym motywem Dioptryki jest sformulowanie i uzasadnienia
prawa zalamania Swiatla (wspolczesnie nazywanego prawem Snell’a). W referacie ukazujemy role antycznej teorii
proporcji w wykladzie Kartezjusza oraz jej znaczenie w interpretacji prawa zalamania.

LITERATURA

[1] P. Blaszczyk, K. Mrowka, Kartezjusz, Dioptryka. Ttumaczenie i komentarz, Universitas, Krakow, 2018.

[2] P. Blaszczyk, K. Mrowka, Kartezjusz, Geometria. Ttumaczenie i komentarz, Universitas, Krakow, 2015.

[3] P. Blaszczyk, K. Mrowka, Euklides, Elementy, Ksiegi V-VI. Teoria proporcji i podobieristwa figur. Ttumaczenie
1 komentarz, Copernicus Center Press, Krakow, 2013.

[4] R. Descartes, Discours de la Méthode pour bien conduire sa raison, et chercher la vérité dans les sciences, plus
la Dioptrique, les Météores et la Géométrie, qui sont des essais de cette Méthode, Jan Maire, Lejda, 1637.

PioTrR BLASZCZYK, MIROSEAWA SAJKA

Pedagogical University of Cracow (Krakow)
Negative numbers from the historical and educational perspective

We identify two ways of introducing negative numbers. In the first one, a totally ordered set (L, <) is pre-
supposed, an element 0 in L is arbitrarily taken, and a number a is negative when a < 0. In the second one,
a negative number is defined by the formula a + (—a) = 0. From a mathematical perspective, the first method
involves the idea of a totally ordered group (G, +,0, <), while the second one considers the idea of the algebraic
group (G, +,0) alone. Through the analysis of source texts, we show that the first model originates in John Wallis’
1685 Treatise of Algebra, while the second one comes form the theory of polynomials, as developed by Descartes
in his 1637 La Géométrie. In mathematical education, the first model is applied in the overwhelming majority.
Still, we identify a theory that applies to the second model. We show how to develop it further and simplify the
representation of the operation a + (—a) = 0 by turning the second model into a tablet game.

REFERENCES

[1] E. Artin, O, Schreier, Algebraische Konstruktion reeller Korper, Abhandlungen aus dem Mathematischen
Seminar der Hamburgischen Universitat 5 (1926), 85-99.

[2] P. Blaszczyk, M. Sajka, O liczbach ujemnych z perpektywy historycznje i dydaktycznej, Annales Universitatis
Paedagogicae Cracoviensis. Studia ad Didacticam Mathematicae Pertinentia 9 (2017), 5-35.
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[3] R. Descartes, Discours de la Méthode pour bien conduire sa raison, et chercher la vérité dans les sciences, plus
la Dioptrique, les Météores et la Géométrie, qui sont des essais de cette Méthode, Jan Maire, Lejda, 1637.
[4] J. Wallis, Treatise of Algebra, John Playford, London, 1685.

AGNIESZKA BOJARSKA-SOKOLOWSKA

University of Warmia and Mazury in Olsztyn (Olsztyn)

Umiejetnosci geometryczne uczniéow i studentéw na przyktadzie
pozaszkolnych interaktywnych zaje¢ z matematyki

Ksztalceniu geometrycznemu poswieca sie niewiele uwagi w edukacji wczesnoszkolnej jak rowniez na wyzszych
poziomach ksztalcenia uczniéw w szkotach polskich (podstawa programowa). Brak manipulacji, badania ksztaltow
geometrycznych w mlodszym wieku wplywa negatywnie na wyobraznie przestrzenna uczniéw i ich umiejetnosci
rozwigzywania probleméw geometrycznych. Brak wykonywania mierzenia, wazenia roznych rzeczy w edukacji
wczesnoszkolnej nie ksztaltuje u uczniéw umiejetnosci szacowania wielkosci bez ich pomiaru, jak réwniez nie po-
maga w abstrakcyjnym przeliczaniu jednostek. Wielu os6b nie radzi sobie z podstawowymi zadaniami z geometrii
przestrzennej, a zadania z geometrii w podrecznikach sprowadzone zostaly do obliczen i na te umiejetnosé zwracaja
glownie uwage nauczyciele. Nie ma miejsca w polskiej szkole na eksperymentowanie geometryczne, na rozwijanie
wyobrazni przestrzennej na tworczos$¢ i badanie obiektéw geometrycznych. Téa luke probowalam zapelnié poprzez
zorganizowanie interaktywnych zajeé¢ geometrycznych dla gimnazjalistow i studentéw edukacji wezesnoszkolnej. W
wystapieniu swoim opisze metodologiczne podstawy przeprowadzonych zaje¢ oraz przeprowadzong analize badan,
dotyczaca tego jak uczestnicy tych zaje¢ radzili sobie z ré6znymi problemami geometrycznymi.

Geometrical skills of students and students on the example of
extracurricular interactive classes in mathematics

Geometric education is given little attention in early childhood education as well as at higher levels of education
of students in Polish schools (core curriculum). Lack of manipulation, examination of geometric shapes at a
younger age has a negative impact on the spatial imagination of students and their ability to solve geometric
problems. Lack of measuring, weighing different things in early school education does not give students the
ability to estimate the size without measuring them, as well as does not help in the abstract conversion of units.
Many people can not cope with the basic tasks of spatial geometry, and geometry tasks in textbooks have been
reduced to calculations and teachers’ attention is mainly focused on these skills. There is no place in Polish school
for geometrical experimentation, for developing spatial imagination for creativity regarding geometrical objects.
This gap was attempted to be filled by organizing interactive geometric classes for junior high school students
and early school education students. In my speech, I will describe the methodological basis of the classes and the
analysis of the research carried out, concerning how the participants of these classes dealt with various geometric
problems.

Icor CHYZHYKOV

University of Warmia and Mazury in Olsztyn (Olsztyn)

Lower order of the Cauchy-type integrals

We deal with following integral of Cauchy type

fulz) = /” dy(t)

_x (1= zeit)a’

where o > 0, 9 is a function of bounded variation ¢ € BV[—m, «], the principal branch of the power function is
chosen. These functions appear frequently in representation theorems for different classes of functions defined on
the unit disc D = {z € C: |z| < 1}.
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It is known ([1]) that the logarithmic order of growth

. IOg M(T, fOé)
= limsup ——————=,
PUT= ISP g 1)
where M(r, f) = max{|f(2)| : |2| = r}, can be described in terms of modulus of continuity of .
We find sharp estimates for the lower order

. log M (7 fa)
AT =liminf = =0

in terms of modulus of continuity.
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RENATA DLUGOSZ

Lodz University of Technology (L.6dz)

Fenomen Logistyki a matematyka

Podczas wykltadu, wykorzystujac statystyki dotyczace liczby kandydatow i 0s6b przyjetych na studia stacjonarne
pierwszego stopnia na Politechnike Y.6dzka, odniesiemy sie do faktu, ze kierunek Logistyka jest jednym z naj-
bardziej obleganych kierunkéw na Politechnice Y.6dzkiej. Rekrutacja na ten kierunek zamyka sie juz po pierwszym
etapie. Po przeprowadzonych badaniach na grupie studentéw wybranego roku na tym kierunku mozemy okreslié,
ktore przedmioty na tym kierunku sprawiaja najwieksza trudnosé i jaka pozycje wsréd nich zajmuje matematyka.

RENATA DLUGOSZ!, P1oTrR LICZBERSKI!, AGNIESZKA SIBELSKA?,
EpyTA TRYBUCKA3

! Lodz University of Technology (Lodz)
2 University of Lodz (L6dz)
3 University of Rzeszow (Rzeszow)

Hypergeometric functions in research of a Bavrin’s family of
holomorphic functions in C"

In the papers [1, 2, 3, 4, 5] were examined Bavrin’s families (of holomorphic functions on bounded complete
n-circular domains G C C") in which a Temljakov operator Lf was presented as the product of a holomorphic
function p with a positive real part and the (0, k)-symmetrical part of the function; similarly if the double operator
LLf was presented as the product of the same function p € Cg and (0, 2)-symmetrical part of operator Lf (see
6]).

These considerations can be complete by the case of the factorization LLf by the same function p and the
(0, k)-symmetrical part of operator £f. During the lecture we will discuss the above case. In particular, we will
give an example of hypergeometric functions belonging to such family and we will present some estimates for m-
homogeneous polynomials @y, from series expansion of function f and also we will give a few relations between
different Bavrin’s families.
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RENATA DLUGOSZ!, P1oTr LICZBERSKI!, EDYTA TRYBUCKA?

! Lodz University of Technology (Lodz)
2 University of Rzeszow (Rzeszow)

Two equivalent factorization of a Bavrin’s family of holomorphic functions
in circular domains of C"

During the lecture we will present some informations of holomorphic functions of several complex variables with
two functional factorization of their Temljakov transform. In particular, we consider some families Ké, k> 2, of
holomorphic functions f : G — C, f(0) = 1, defined by a factorization of Lf onto factors from Cg and Mg. A mo-
tivation of our investigations is a condensation of some inclusions between well known families Cg, Mg, Ng, Rg, Vg
of such functions, by another families of similar kind. The most of presented results come from the paper [1].
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[1] R. Dtugosz, P. Liczberski, E. Trybucka, Bavrin’s type factorization of the Temljakov operator for holo-
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STANISEAW DOMORADZKI!, MALGORZATA STAWISKA?

! Uniwersytet Rzeszowski (Rzeszow)
2 Mathematical Reviews (Ann Arbor, USA)

O pierwszych latach Polskiej Szkoly Matematycznej w 100. rocznice
odzyskania niepodlegtlosci
About the first years of the Polish Mathematical School on the 100th
anniversary of independence

W 1915 r. front I wojny $wiatowej przesuwal sie na wschod Polski, Warszawa bedaca od ponad wieku pod
rzadami Rosjan, znalazta sie pod panowaniem Niemcéw. Latem 1915 r. Rosjanie ewakuowali uniwersytet carski
do Rostowa n/Donem, za$ jesienig 1915 gen. Hans von Beseler utworzy! polskojezyczny Uniwersytet Warszawski
i nadal mu statut. Wielu Polakéw z innych zaboréw i studiujacych za granica przybylo wtedy do Warszawy,
m.in. z Glasgow Kazimierz Kuratowski (1896-1980). Poczatkowo decydujaca role w uniwersyteckiej matematyce
pelnil Stefan Mazurkiewicz (1888-1945), od 1918 r. po stuzbie w legionach doltaczyl Zygmunt Janiszewski (1888-
1920). Kariera naukowa obu uczonych byta zwiazana z dziatalnoscia naukowa Wactawa Sierpinskiego (1882-
1969) we Lwowie. Janiszewski pracowal tam od 1912, nostryfikowal doktorat z Sorbony i uzyskal veniam legendi
(1913), Mazurkiewicz uzyskal doktorat (1913). Sierpiriski w tym czasie byl internowany w Rosji jako poddany
Monarchii Austro-Wegierskiej, w 1918 r. zostal powolany na katedre matematyki uniwersytetu w Warszawie.
Temu $rodowisku udato sie stworzy¢ znang i ceniong w $wiecie szkote matematyczna, ktérej problematyka skupiona
byta na teorii mnogosci i jej zastosowaniach. Wizje takiej szkoty wymyslit Z. Janiszewski.

The research is supported by the project The impact of WWI on the formation and transformation of the scientific
life of the mathematical community (GA CR 18-00449S).
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BARBARA DZIEMIDOWICZ-GRYZ

Uniwersytet Warminsko-Mazurski w Olsztynie (Olsztyn)

O identyfikowalnos$ci klas gramatyk kategorialnych
0 ograniczonym rzedzie

We wstepnej czesci referatu przedstawione zostana podstawowe pojecia zwiazane z teoria identyfikowalnosci i
gramatykami kategorialnymi. Teoria identyfikowalnosci jest dzialem informatyki teoretycznej (zapoczatkowanym
przez Golda), ktory rozwinal sie w oparciu o pewne wyniki lingwistyki matematycznej. Glownym zadaniem
tej teorii jest proba wyjasnienia procesu uczenia sie jezykéw, uzywajac matematycznego modelu uczenia sie.
W referacie zaprezentowane zostang wyniki dotyczace identyfikowalnosci klas gramatyk kategorialnych o ograni-
czonym rzedzie. Przedstawione zostana nastepujace twierdzenia:

Twierdzenie. Klasa gramatyk jednoznacznych o rzedzie co najwyzej n jest identyfikowalna ze struktur funktorowo-
argumentowych.

Twierdzenie. Klasa gramatyk k-wartosciowych o rzedzie co najwyzejn jest identyfikowalna ze struktur funktorowo-
argumentowych.

Twierdzenie. Klasa bedgca przecieciem klasy gramatyk optymalnych z klasq gramatyk o rzedzie co najwyzej n i
klasq gramatyk k-wartosciowych (o minimalnym k dla danej probki) jest identyfikowalna ze struktur funktorowo-
argumentowych.
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JACEK DZIOK

University of Rzeszow (Rzeszow)

Dual sets for meromorphic harmonic functions

A continuous function f = w + iv is a complex valued harmonic function in a domain D in the complex plane
C if both u and v are real harmonic in D. If D is the exterior of the unit disc i.e., D := {z € C : |z| > 1},
then we say that f is a meromorphic harmonic function. Hengartner and Schober [1] showed that a meromorphic
harmonic, orientation preserving, univalent mapping f, satisfying f(co) = oo, has to admit the representation

f(z) = h(z) + g(z) + Alog|z|, where A € C,
h(z) = az + Z anz™", g(z) =bz+ Z bnz™" (z€D, 0<]ao| < |bol),
n=1 n=1

and fz/f. is analytic and bounded by 1 in D.
Motivated by Ruscheweyh [2], we introduce the concept of dual sets for meromorphic harmonic functions. Next
we show that well-known subclasses of meromorphic harmonic functions can be presented as the dual sets.
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Uniwersytet Pedagogiczny w Krakowie (Krakow)
Ciaglos¢ w rozprawie Bernarda Bolzana (1817)

W 1817 roku Bernard Bolzano opublikowal prace Rein analytischer Beweis des Lehrsatzes, dass zwischen
je zwei Werthen, die ein entgegengesetzes Resultat gewahren, wenigstens eine reelle Wurzel der gleichung liege.
Zasadniczym celem rozprawy bylo udowodnienie twierdzenia o zerowaniu sie funkcji wielomianowej w przedziale
domknietym, gdy na koinicach przedzialu funkcja przyjmuje wartosci réznych znakow.

W matematyce wspolczesnej moéwi sig¢ o dwoch rodzajach cigglosci. Rozréznia sie¢ ciagltosé funkeji od ciaglosci
ciala liczb rzeczywistych - aksjomatu ciaglosci, ktory jest wlasnosciag porzadku. Wspomniana praca Bolzana
byla pierwsza, w ktorej znajdujemy takie dwojakie rozumienie pojecia ciagtosci. Autor podaje definicje ciagtosci
funkcji w punkcie, a takze formutuje (i udowadnia) aksjomat ciagtosei.

Zreferuje role aksjomatu ciaglosci we wspomnianej rozprawie Bolzana. Szczegélna uwage zwroce na aksjomat
Archimedesa. Omowie definicje ciaglosci funkcji podang przez Bolzana. Uzasadnie, ze jest ona rownowazna ze
wspolczesng otoczeniowa definicjg cigglosci funkeji w punkcie.

MAREK GOLASINSKI

University of Warmia and Mazury in Olsztyn (Olsztyn)

Smooth manifolds and their rings of smooth real functions

It is well-known that if X is a “reasonably nice” topological space (compact Hausdorff, say) then we can recover
X from the ring C'(X) of real continuous functions on X.
Therefore, the following problem naturally arrives.

Problem. Given a smooth manifold M, write C°° (M) for the ring of smooth real functions on M. Is the same
true for a compact smooth manifold M and its ring C*°(M) of smooth functions?

More specifically, let M and N be compact smooth manifolds.

(1) If C*°(M) and C*°(N) are isomorphic, then are M and N necessarily diffeomorphic?
(2) Can we recover the topological space M from C°°(M)? If so, can we also recover the smooth structure
on M?

Basing on the indicated literature, we sketch proofs of the following:
Theorem 1. A smooth manifold M is compact if and only if every mazimal ideal in C* (M) is finitely-generated.

Theorem 2. Let M, N be second countable (they do not have to be compact) smooth manifolds. Then there exists
a bijection:
C*®(M,N) — Alggr (C™(N),C>=(M))
which is given by:
f=(fi : C°(N) = C°(M),g+— go f), which preserves composition.
This yields:

Corollary 3. There is an equivalence between the category of second countable manifolds Man and the category
Algg of R-algebras.
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Politechnika Lubelska (Lublin)

Metoda Recurrence Plot i jej zastosowanie do badania zmienno$ci
nieliniowych ukladéw dynamicznych modelowanych
pochodng niecatkowita

Od wielu lat naukowcy obserwuja zlozone procesy dynamiczne wystepujace w naturze, takie jak np.: zmiany
temperatury, trzesienia ziemi, bicia serca, fale moézgowe, zmiany pradéw oceanicznych. Takie zjawiska mozemy
podzielié¢ na powtarzajace sie i te, ktérych czestotliwosé jest nieregularna oraz opisaé je matematycznie w zaleznosci
od uptywajacego czasu. Prowadzone badania maja na celu charakterystyke i ocene analizowanego uktadu, oraz
przewidywanie jego dalszej ewolucji w czasie. Dlatego tez, analiza ‘naturalnych’ uktadéw dynamicznych i ich mod-
elowanie daje nam mozliwosé glebszego poznania otaczajacej nas rzeczywistoéci. Powtarzalnosé pewnych stanéw
jest podstawows wlasnoscig deterministycznych uktadéw dynamicznych i jest typowa dla ukladéw nieliniowych i
chaotycznych. Ta powtarzalnosé jest wizualizowana za pomoca wykreséw Recurrence Plot. Metoda ta opiera sie
na badaniach statystycznych rozktadu pikseli graficznych na wykresie rekurencyjnym. Rzeczywiste uktady dynam-
iczne czesto sa lepiej opisywane réwnaniami rézniczkowymi z pochodng ulamkows niz tradycyjnymi réwnaniami
z pochodna rzedu catkowitego. W referacie przedstawiona zostanie zasada tworzenia wykreséw rekurencyjnych,
ich rodzaje oraz zastosowanie do analizy ukladéw nieliniowych modelowanych za pomoca pochodnej utamkowe;j.
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MAGDALENA GREGORCZYK!, LEoroLD KOCZAN!
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Funkcje Carathéodory’ego o jednakowych poczatkowych wspoélczynnikach

Niech A bedzie kolem jednostkowym {z € C : |z| < 1} oraz niech P bedzie zbiorem wszystkich funkeji postaci
fz) =1+ anzn
n=1

regularnych w A oraz takich, ze dla dowolnego z nalezacego do kota jednostkowego A funkcje te spelniaja warunek
Re(f(z)) > 0. Kazda funkcje z klasy P nazywamy funkcja o dodatniej czesci rzeczywistej, a klase P klasa
Carathéodory’ego.

Rozwazamy klase Q, funkcji p € P takich, ze p1 = p2 = ... = p, dla n > 2 oraz wspolczynniki pr dla
k=n+1,...sa dowolne i @ = P. Oznaczmy przez A,, zbiory

An:{aeC:p(z):1+az+az2+...+az"—|—an+1z"+l..., pEQn}.

W pracy przedstawiamy podstawowe wlasnosci podklasy Q,, funkcji Carathéodory’ego o pierwszych n jednakowych
wspolczynnikach oraz wlasnosci zbioréw A,,. W oparciu o twierdzenie Carathéodory’ego - Toeplitza wyznaczamy
i badamy zbiory Az i As. Podajemy réwnania biegunowe brzegu tych zbioréw oraz wyznaczamy goérne i dolne
oszacowania Rea i Ima. Ponadto szacujemy z gory i z dotu Rea w przypadku ogélnym.
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Nevanlinna and Valiron deficient values of solutions of
linear differential equations

A classical theorem of Wittich says that for an admissible solution f of a linear differential equation with entire
coefficients the value zero is the only possible Nevanlinna deficient value. This result says nothing particular about
the possible Valiron deficient values of solutions. If the assumption on admissibility is removed, we can prove
that any countable set can be the set of Nevanlinna deficient values for f. Furthermore, we can prove that any
uncountable set with zero capacity can be the set of Valiron deficient values for f. We also discuss two further
results on deficient values of solutions, both of which associate the growth of the particular solution to the growth
of the coefficients. These two results are essentially sharp in terms of growth.

This presentation is based on a joint work with GARY G. GUNDERSEN (University of New Orleans) and ZHI-TA0
WEN (Taiyuan University of Technology).

PioTr JASTRZEBSKI

University of Warmia and Mazury in Olsztyn (Olsztyn)

Algorithmic approach to the compact Clifford-Klein forms problem

In this poster I present the algorithm for finding homogeneous spaces of semisimple non-compact Lie groups
which do not admit compact Clifford-Klein forms. The calculation was made by a computer program which checks
if the given homogeneous space has a non-vanishing cohomological obstruction (found by Tholozan) to compact
Clifford-Klein forms.

KrzyszTor KOLOWROCKI

Gdynia Maritime University (Gdynia)
Critical Infrastructure Safety and Resilience

Comprehensive modelling of the operation process and the climate-weather change process influence on the
safety of a critical infrastructure is presented. Particular models of critical infrastructure safety influenced by
its inside among its assets and subsystems dependences and by its outside operating environment threats and
climate-weather hazards are created. Safety and resilience indicators for a critical infrastructure are proposed and
the simplified procedures of their determination in the case of the created models of critical infrastructure safety
are proposed. Practical applications of the proposed models are presented as well.

Contents

1. General Approach to Critical Infrastructure Safety and Resilience Indicators

2. Critical Infrastructure Safety — Multistate Approach

3. Critical Infrastructure Safety Model — MCIS 0

4. Critical Infrastructure Safety Model Related to Its Operation Process — IMCIS 1

5. Critical Infrastructure Safety Model Related to Operation Process Including Operating Environment
Threats — IMCIS 2

6. Critical Infrastructure Safety Model Related to Climate-Weather Change Process Including Extreme

Weather Hazards — IMCIS 3
7. Critical Infrastructure Safety Related to Operation Process and Climate-Weather Change Process —
IMCIS 4



25

8. Critical Infrastructure Safety Model Related to Operation Process and Climate-Weather Change Process
Including Operating Environment Threats and Extreme Weather Hazards — IMCIS 5
9. Critical Infrastructure Safety Structures
10. Safety of Critical Infrastructure Network with Cascading Effect
11. Critical Infrastructure Accident Consequences
12. Applications
13. Conclusions

Bocumira KOWALCZYK, Abpam LECKO

University of Warmia and Mazury in Olsztyn (Olsztyn)
On the third Hankel determinant
Let A be the class of all analytic functions in the unit disk D := {z € C : |2| < 1} of the form
fz) = zo.janzn7 a:=1, z€D. (1)
n=1

For f € A of the form (1) the third Hankel determinant Hs ; is defined as follows

al a2 as
I?&l(f)::: a2 as aq|.

az a4 as

We present sharp estimates of Hs 1 for the class of convex functions [2], for the class of starlike functions of order
1/2 [3] and for the classes 7 and 7(1/2) [1] of all f € A such that, respectively,
Rl () 1

e——=>—, zeD.
z

> 0,
2
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Maria Curie-Sklodowska University (Lublin)
Cell division dynamics with applications to tumor growth

A microscopic model is proposed and analyzed in which marked point ‘particles’ perform drift in [0, 4o00)
with constant speed towards the origin. The position x of a given particle is interpreted as the life time of the
corresponding tumor cell, whereas its mark represents phenotype. During the drift the particles are subject to
random death (caused by e.g., chemotherapy). Those ones that manage to reaches the origin split into two new
particles each (cell division) with random life times (cell cycles) and phenotypes, the distribution of which depends
on the phenotype of the mother cell. The main question to which the presented theory gives an answer is which
death rate can guarantee the extinction of the population of such particles.
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Wiman’s type inequality for multiple power series in
the unbounded cylinder domain

We prove some analogue of Wiman’s inequality for analytic and random analytic functions in T = D! x CP~¢,
1 €N, 1<1<p. Forevery § > 0 there exists a set E = E(6, f) C [0,1)" x (1,400)?~" of asymptotically finite
logarithmic measure such that for all » € T \ E holds

p+6
My (r) < pys(r) H ﬁ In?/2+0 (Nf(T) H 1 _11”1) (H h”“a’) .

i€EB i€B jeD

This inequality was improved for random analytic functions in T and analytic functions with rapidly oscillating
coefficients. Also is proved the sharpness of the obtained inequalities.
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ApaM LECKO, BARBARA SMIAROWSKA

University of Warmia and Mazury in Olsztyn (Olsztyn)
Classes of analytic functions connected with Blaschke products

Basing on the well known Riesz Factorization Theorem, we present the method of construction of subfamilies
of the Carathéodory class of functions [1]. The basic properties of introduced classes have been proved. Next we
apply this method to construct subclasses of the class of univalent functions, particularly, starlike functions [2].
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SEE KEoNnG LEE

Universiti Sains Malaysia (Penang, Malaysia)
On a generalized Bessel function

The generalized Bessel function

- %) (_c)k T\ 2k+p
aBb,p,c(T) 1= Z k! P(ak +p+ bi;) (5) ’

k=0

for a € N = {1,2,3,...}, and b,p,c,z € R, is studied. Representation formulations for 4B p . are derived in
terms of the parameters a, b and p. It is shown that the function 4B p . is a solution of a differential equation of
order a + 1. Monotonicity properties of 4By p,. are also investigated for ¢ < 0.
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Mathematics behind two related Nobel prizes 2016: physics — topology
governing physics of phase transitions, chemistry — geometry of

molecular nanoengines
Matematyczne koncepcje owocujgce dwiema powigzanymi nagrodami

Nobla 2016: z fizyki — topologia struktur fizyki przejsé fazowych,
z chemii — geometria molekut jako nanomotorkéw

The authors describe links between topology of physics of phase transitions and geometry of molecules as
nanoengines.

Research joint with EWELINA Z. FRATCZAK, MARIUSZ ZUBERT (£6dz), and MICHEL RAUSCH DE TRAUBENBERG
(Strasbourg).
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JuLiAN LAWRYNOWICZ

University of Lodz (L.6dz)

Mathematics behind two related Nobel prizes 2016: in physics
and chemistry. Reduction theorems and extension to further polymers
Matematyczne koncepcje owocujgce dwiema powigzanymi nagrodami

Nobla 2016: z fizyki i chemii. Twierdzenia redukcyjne i rozszerzenie
na dalsze polimery

As a continuation of the previous research, reduction theorems from the pair of senary and quinary structures
to ternary and binary structures as well as an extension of the theory from pentacene to further polymersis
studied.
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Belief Revision and Belief Update

Imagine an agent (a robot) equipped with a reasoning mechanism. To make inferences, the agent keeps a set
of its current beliefs about the environment it operates in. In the Al literature this set is usually referred to as a
belief base of the agent.

There are two basic situations when the agent’s belief base has to be modified. Firstly, it may happen that new
information becomes available. For instance, the agent may observe that there is a book on a table. Secondly,
a modification may be necessary when an action has been performed. For instance, painting a red box green
invalidates the belief that the block is red and introduces the belief that it is green. The above modifications of
a belief base are known in the Al literature as belief revision and belief update, respectively.

In this talk I will informally present how the belief revision and belief update have been approached in Artificial
Intelligence. I will also discuss certain problems that make formalization of these modifications non-trivial.

KRrzyszTOF MASLANKA

Instytut Historii Nauki im. Ludwika i Aleksandra Birkenmajeréw, PAN (Warszawa)
Albert Einstein — geniusz intuicji fizycznej i pozyteczni matematycy

Przez dlugi czas utrzymywalo sie przekonanie, ze o ile w przypadku szczegbélnej teorii wzglednosci kilku
fizykow (np. Lorentz) i matematykow (Poincaré) przeczuwalo potrzebe radykalnych zmian w pogladach na czas
i przestrzen oraz hipotetyczny eter, w ktérym propaguje sie $wiatlo, to w przypadku ogélnej teorii wzglednosci
Einstein pracowal samotnie i ukonczy! ja niezaleznie. Poglad taki wyrazil m.in. Wolfgang Pauli. Fakt, ze Einstein
w swych pracach praktycznie nie cytowal innych, zdawal sie to potwierdzac.

Staranna analiza pokazuje jednak, ze udzial matematykéw w rozwoju ogdlnej teorii wzglednosci byt dosé
znaczacy. Mozna ich podzieli¢ na cztery grupy:

— matematycy, ktérzy nieSwiadomi znaczenia swych prac dla fizyki przygotowali niezbedny jezyk oraz
formalizm dla przyszlej teorii grawitacji: Gauss, Riemann, Codazzi, Mainardi, Weingarten, Peterson,
Christoffel, Ricci i in.

— matematycy wspolczesni Einsteinowi, ktorzy na rézne sposoby efektywnie mu pomogli: Geiser, Gross-
mann, Minkowski, Pick, Levi-Civita,. ..

— matematycy, ktorych ogélna teoria wzglednosci skutecznie zainspirowala przez zwrécenie uwagi na wage
koncepcji geometrycznych w fizyce: Hilbert, Weyl, E. Cartan, Gédel, Schouten, Lense,. . .

— matematycy, ktérzy po $mierci Einsteina skutecznie i tworczo rozwijali jego idee, w szczegélnosci posta-
wili §cisle problem warunkéw poczatkowych dla réwnan pola grawitacyjnego i przygotowali grunt pod
intensywnie teraz rozwijane podej$cie numeryczne: Lichnerowicz, Choquet-Bruhat, York, Moncrief, Fis-
cher,. ..

Oczywiscie, nie mam zamiaru umniejszaé zastug Einsteina, bez ktorego przenikliwej intuicji geometryczna teo-
ria grawitacji dtugo jeszcze nie zostalaby sformulowana. Pozostanie ona na zawsze ,najwiekszym osiagnieciem
my$li ludzkiej w kwestii praw przyrody” (Max Born). Jednak faktem jest, ze w trakcie dlugiej pracy nad ta teoria
Einstein wielokrotnie bladzil i potrzebowal pomocy, czego najbardziej wymownych przykladem jest fragment
jego listu do przyjaciela — matematyka Marcela Grossmanna: ,,...musisz mi poméc, bo zwariuje!”. Trzeba tez
podkresli¢, ze z uptywem czasu Einstein radykalnie zmienil swéj stosunek do samej matematyki — od dos¢ lekce-
wazacego do pelnego szacunku i pokory: ,,...nabralem niezwyklego szacunku dla matematyki, ktoérej bardziej
subtelne dziedziny uwazalem dotychczas — w swojej naiwnosci — za czysty luksus!” (list do Arnolda Sommerfelda,
1912 r.).
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Schwarz lemma and Kobayashi metrics for harmonic and
holomorphic functions

Our lecture is related to the following.

(1) We find explicit formula for hyperbolic distance on the strip domains and using the method developed in
[2, 4, 5, 1] (which we call the strip method), we give simple proofs of various versions of the planar Schwarz
lemma for real valued harmonic functions and for holomorphic (more generally harmonic quasiregular,
shortly HQR) mappings with the strip codomain.

(2) In addition, in [2] we mainly consider optimal versions of Schwarz lemma and its relatives related to
harmonic and holomorphic functions including several variables.

In particular our considerations include domains on which we can compute Kobayashi-Finsler norm.
It turns out that our methods (results) unify very recent approaches; see the literature cited in [2].

(3) We also consider some versions of D. Khavinson extremal problem related to distortion of pluri harmonic
functions.

(4) Using the obtained estimates described in the items (1), (2) and (3), we derive some corollaries related
to Schwarz lemma at the boundary.

(5) For G C C™ following M. Klimek, we define the function gi(p, -) (which is called the pluri-complex Green
function on G), using negative plurisubharmonic functions u on G with pole at p, and define pseudo
metric Cév’pl s = exp ga (shortly Cé) which has the decreasing property for holomorphic mappings.

(6) In addition to (5), we also prove that if G is simple-connected domain in C™ that C& equals to Kobayashi
metric.

(7) For example, in connection with the item (6), we prove if f : G — S™ is a vector valued pluriharmonic
K-quasiregular function, then f is Lipschitz with respect to Kob metric on 8™ and quasi hyperbolic
distance on G with multiple constant K, and further results of this type.
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IvAN MATYCHYN!, VIKTORIIA ONYSHCHENKO?

Y University of Warmia and Mazury in Olsztyn (Olsztyn)
2State University of Telecommunications (Kiev, Ukraine)

Numerical Algorithms for Computation of the Matrix
Mittag-Leffler Function

A natural extension of the exponential function to the case of matrix arguments proved to be extremely useful
in studying the linear systems of ordinary differential equations arising in engineering, mechanics, control theory
etc. Similarly the matrix Mittag-Leffler function is crucial in linear systems of fractional differential equations,
allowing to represent explicitly their solutions. That is why the methods for computing the matrix Mittag-Leffler
function are so important.
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There exists a wide range of algorithms for computing the matrix exponential and many of them can be
adapted for computation of the matrix Mittag-Leffler function [1, 2, 3]. One of the algorithms is based on Jordan
canonical form [1].

Here we provide an overview of existing numerical methods for computing of the matrix Mittag-Leffler function
and discuss their applications in fractional differential equations.
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JERZY MONTUSIEWICZ
Politechnika Lubelska, Instytut Informatyki (Lublin)
Wykorzystanie technologii 3D w muzealnictwie

Szybki rozwdj technologii IT i komputerowej grafiki 3D pozwala na ich zastosowanie w wielu obszarach zy-
cia spolecznego, np. w szeroko rozumianym dziedzictwie kulturowym, w tym muzealnictwie i archeologii. Do-
bre rozeznanie i rozumienie wspotczesnych technologii grafiki 3D moze byé wykorzystane przy rekonceptual-
izacji istniejacych ekspozycji, aby dostosowaé ich atrakcyjnosé do oczekiwari mlodziezy, a dostepno$é¢ dla oséb
niepelnosprawnych, w tym oséb niewidomych. Oczywiscie zastosowanie nowych technologii informatycznych nie
moga wyeliminowaé tradycyjnych wystaw muzealnych. Celem zastosowan IT jest wprowadzenie atrakcyjnych
ekspozycji cyfrowych dostepnych w Internecie lub na aplikacje mobilne, ktére mozna pobraé¢ na terenie muzeum.

W referacie zaprezentowano wybrane technologie, ktére pozwalaja aby eksponaty muzealne lub obiekty zabyt-
kowe mogly by¢ prezentowane jako: statyczne lub dynamiczne obiekty 3D (np. panoramy dookoélne), artefakty
istniejace w $wiecie wirtualnej rzeczywistosci (VR) z dostepna interakcja lub wydrukowane kopie 3D, ktére mozna
braé¢ w rece.

Laboratorium 'Lab 3D’ Instytutu Informatyki PL posiada urzadzenia skanujace 3D do malych obiektow (Artec
Eva i Spider) pracujace w $wietle strukturalnym z jednoczesnym pobieraniem tekstur, co pozwala na uzyskanie
realistycznych wirtualnych modeli 3D do ekspozycji w VR, a takze do przygotowania kopii przez druk 3D. Do
skanowania 3D duzych pomieszczen, catych budynkéw lub zespolow obiektéw o rozmiarach do 330 m wyko-
rzystywano laserowy skaner Faro Fokus X330. Do druku 3D wykorzystano drukarke MarketBot Z18 pracujaca w
technologii FFF.

Tworzenie ekspozycji typu VR zaprezentowano na przyktadzie rozwiazania nisko-kosztowego, ktore wymagato
wlasciwego uzycia, konfiguracji i potaczenia bezplatnego oprogramowania (3ds Max, Blender, Gimp i $rodowisko
Unity) oraz autonomicznego wySwietlacza w postaci standardowego smartfona umieszczanego w kartonowych
okularach. Wystawy dla os6b niewidomych wymagajg opracowania ekspozycji umozliwiajacych poznanie kineste-
tyczne. W tym celu nalezy zastosowaé¢ metody inzynierii odwrotnej - skanowanie 3D, do pozyskania chmury
punktéw odzwierciedlajacych ksztalt eksponatu, nastepnie wykonanie ,wodoszczelnego” modelu siatkowego. W
kolejnym kroku trzeba przeskalowa¢ model i wprowadzié na jego powierzchnie napisy w alfabecie Braile’a, a potem
wykona¢ rzeczywista kopie - druk 3D. Przygotowane przyklady pochodza z Muzeum Zamoyskich w Kozléwece,
Muzeum Afrosiab w Samarkandzie, Naukowo-doswiadczalnego muzeum-laboratorium SamSU (Uzbekistan) oraz
z Lublina (kosciol KUL i zabytkowe obiekty architektoniczne).
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On Carleson measure

Let D denote the unit disk {z € C : |z] < 1} and T the unit circle.
If I is an arc of T and |I| is its arc length, the Carleson square S(I) is defined as

o 1|
Sy = dret et e 1- Ul < 1y,
(I) {re et el, 27T*T<

A positive Borel measure p on D is called an s-Carleson measure, 0 < s < oo, if there exists a positive constant
C = C(u) such that

u(S(I)) < C(p)|I)°, for any arc I C T.

First, we present some equivalent characterizations of s-Carleson measures. Next, we consider the so-called
balayage and B-balayage of a Borel measure p on D defined by

1|2

S it — L ol B
H(e ) b |1—Z671t|2

dp(z)
and
1 — |w]*)?
Gu(z) = (7d w zeD
N( ) /D |1 72w|4 N’( )7 ’
respectively; and obtain extensions of known results on these operators in the case when p is an s-Carleson
measure.

The presentation is based on a joint work with PAWEL SOBOLEWSKI.

TETIANA OSIPCHUK

Institute of Mathematics of NASU (Kyiv)
Some questions of generalized linear convexity in hypercomplex spaces

We consider the wuniversal Clifford algebra Cl,, over the real vector space R", where
p,g € ZY U {0}, p+ ¢ = n. The notion of linear convexity of multidimensional complex space C" ([1]) is
generalized on the space CI’, that is the Cartesian product of Clifford algebras Cl, 4.

Definition 1. A domain Q € CI}, is called locally generalized linearly convex if for every point w =
(w1, w2, ..., wn) € O there exists a hyperplane

{z = (21,22,...,2m) € Clpy ZCj(Zj —wj;) =0, ¢; € Clp,q}
j=1
passing through the point w and not intersecting €2 at some neighborhood of this point.

We consider domain = {z = (21,22,...,2m) € Cly, : p(z) < 0} with boundary 9Q = {z : p(z) = 0}, where
p: Cly'y — R, p€ C? and grad p # 0 everywhere on the boundary 0. The necessary and sufficient conditions
of the locally generalized linear convexity of the domain are obtained in terms of nonnegativity and positivity of
some special quadratic differential forms, respectively ([4]).

These conditions are the generalization of analytical conditions of local linear convexity of domains with smooth
boundary in C" proposed by B. Zinoviev in 1971 ([2]) and of those in multidimensional quaternion space H"
(13)).

Similar results are obtained for the case of the algebra of generalized quaternions ([6]).

The criterion of generalized linear convexity of Hartogs domains in two-dimensional quaternion space H? is
obtained in terms of nonnegativity of the respective differential form ([5]).

Acknowledgements. The author was supported by the grant of the President of Ukraine for competitive projects
F75//30308 of the State Fund for Fundamental Research.
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The Schwarz type inequalities for harmonic functions normalized
on the boundary

Given n € N let T1,T5, ..., T, be closed arcs contained in the unit circle T := {z € C: |z| = 1}, with positive
length, total length 27 and covering T. Write F for the class of all complex-valued harmonic functions of the unit
disk D := {z € C: |z] < 1} into itself satisfying the following sectorial condition: For each k € {1,2,...,n} and
for almost every z € T} the radial limit of the function F' at the point z belongs to the angular sector determined
by the convex hull spanned by the origin and arc Tj. Various results involving the Schwarz type inequality for
the class F are presented.

KrzyszTor PIEJKO!, EDYTA TRYBUCKA?, JoANNA KOWALCZYK?

! Rzeszow University of Technology (Rzeszéw)
2 University of Rzeszéw (Rzeszow)

Fekete-Szego problem and Hankel determinant for certain subclass
of close-to-convex functions

Let Ks(7), v € [0,1), denote the class of all functions f analytic in the open unit disc & with the normalization
f£(0) = f'(0) — 1 = 0 and satisfying the condition

Re{%}>% z €U,

for some function g starlike of order 1/2. For the class Ks(7) the Fekete-Szegd problem is studied. Moreover, the
sharp bound of the second Hankel determinant is found.
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Credibility of Knowledge in Fuzzy Inference Systems

It is known that the fuzzy sets [1, 2, 3] are the convenient tool to present knowledge in information systems.
Using the fuzzy sets is possible to outline, for instance, the picture of symptoms of the patient in expert diagnostics
systems.

The fuzzy specification of knowledge means ordered set of fuzzy instructions. The fuzzy specifications of
knowledge with the algorithm of calculating an approximate (fuzzy) solution of the problem will be called a fuzzy
inference system.

The problem consist in finding the quantitative estimates of the credibility of the output knowledge in fuzzy
inference system.

The proposed approach (based on fuzzy models) allows to simplify the methods of solving of above mentioned
problem. But, there is a necessity for additional studies of the results of credibility. These investigations use the
classical concepts of probability and fuzziness.

Fuzzy set

A= {(a:7:[’l‘A(a:))7 T € X}
in the space X will be called a fuzzy event in space X, where pa : X — [0,1] is a membership function of fuzzy
set A.
A probability of fuzzy event A can be calculated according to the formula

P(A) = pa(z)P(),

where P(z) is a function of the probability distribution.

Conditional probability of fuzzy event A given fuzzy event B will be determined with the help of Cartesian
product notion. Namely, the distribution function P4 gy of the conditional probability of fuzzy event A given the
fuzzy event B is determined by the distribution function P4 p) of binary Cartesian product A x B probability
and probability distribution function Pp of fuzzy event B, provided it is not zero, that is for any pair (x,y) of
Cartesian product performed

P4, y(z,y)

Qaxp)(z,y) = Pg(y)
1, Pg(y) =0,

Pap)(@,y) = %
z,Y

Given this, we can calculate the conditional probability of any fuzzy events at a given probability measure.
The probability distribution function of binary Cartesian product A x B will be calculated by the formula

Pra,p)(2,y) = min (Pa(z), Ps(y)) -

To calculate the credibility of the results of fuzzy inference systems, we can use the analogue of law of total
probability. This law allows to evaluate the credibility of the fuzzy inference system outputs (inputs) by analogy
with [4, 5].
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On Bergman projection induced by a radial weight

We consider the question of when the Bergman projection induced by a radial weight w is bounded either
from L to the Bloch space or on the Lebesgue space L, with p > 1. These questions are closely related to
Littlewood-Paley estimates of Bergman space norms and doubling conditions on weights.

Nabpiia SEMOCHKO

Ivan Franko National University of Lviv (Lviv, Ukraine)
On solutions of linear differential equations of arbitrary fast growth

We investigate fast growing solutions of linear differential equation
F™ a1 (@) 4t ao(2)f =0,

where ag, ...an—1 are entire or analytic functions in the unit disc D ={z € C:|z| <1}, n > 2, ap Z0.

For that we introduce a general scale to measure the growth of entire functions of infinite order covering arbi-
trary fast growth. We describe growth relations between entire coefficients and solutions of the linear differential
equation in this scale. Obtained results contain those for iterated orders as a special case [1]. A generalization of
Frei’s theorem about number of linearly independent solutions of maximal growth is obtained as well.

Similar results are established in the unit disc case [2].
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DaviD SHOIKHET

Holon Institute of Technology (Holon, Israel)

Trends and Problems in Complex Dynamics and
Geometric Function Theory

Complex dynamical systems and nonlinear semigroup theory are not only of intrinsic interest, but are also
important in the study of evolution problems. In recent years many developments have occurred, in particular,
in the area of nonexpansive semigroups in Banach spaces. As a rule, such semigroups are generated by accretive
operators and can be viewed as nonlinear analogs of the classical linear contraction semigroups. Another class
of nonlinear semigroups consists of those semigroups generated by holomorphic mappings in complex finite and
infinite dimensional spaces. Such semigroups appear in several diverse fields, including, for example, the theory of
Markov stochastic branching processes, Krein spaces and the geometry of complex Banach spaces. In this talk we
concentrate on trends and problems related to the nonlinear resolvent method and its connections to the classical
geometric function theory.
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Kyungsung University (Busan, Republic of Korea)
On coefficient problems for univalent functions

Let A be the class of analytic functions in the unit disk D := {# € C : |z| < 1} which have the form
f(z) =2+ 07 ,an2". And let S be the subclass A consisting univalent functions. Given ¢, n € N and f € A,
the Hankel determinants Hg »(f) is defined as

An An+1 e An+q—1
An+1 an+2 - An+q
Hon(f) =
An4q—1 Qn4q ' Gpy2(g-1)

And, given m,n € N\ {1}, the Zalcman functional J, . (f) of f € A is defined by

Jn,m(f) = Ont+m—1 — GnQm.
In this talk, we discuss the sharp estimates of the second Hankel determinants such as Ha and H2 and
the Zalcman functional Ja 3 over several subclasses of S such as classes of starlike functions, strongly starlike

functions, or functions of bounded turning. Also, we discuss the estimates of the third Hankel determinants Hs 1
over subclasses of S of starlike functions or convex functions.

StAaNISEAW SKULIMOWSKI

Politechnika Lubelska (Lublin)

Metoda klasyfikacji cech homogenicznego roju robotéow
w funkcji warunkéw i celéw misji

Sukces realizacji zadan jednorodnego zbioru robotéw czesto zalezy od ich predefiniowanych cech odnoszacych
sie do calosci zbioru: predkosci przemieszczania, maksymalnego obszar skanowania, zasiegu lotu itp. Wazne sa
takze wlasciwosci wewnetrznych relacji, np.: zdolnos¢ do tworzenia roju, bezpieczeristwo poszczegolnych robotow.
Zwiekszenie szans powodzenia misji zbioru robotéw w sytuacji gdy jej cel i kryteria jego oceny nie sa precyzyjne
lub wrecz rozmyte, mozna uzyska¢ poprzez zdolnosé doboru jednostek znamionujacych sie odpowiednim zbiorem
predefiniowanych cech. Taka zdolno$¢ moglaby takze pomoéc w opracowaniu dokumentacji zalecanych kombi-
nacji zbioréw robotéw w zaleznosci od rozbieznosci scenariuszy zadari. Narzedzie stuzace do testowania doboru
cech, moze stuzy¢ réwniez jako narzedzie dydaktyczne do tlumaczenia podstawowych zagadnieri zwigzanych ze
sposobem przemieszczania sie roju, co zostalo juz sprawdzone i opisane przez autoréw [1] [2]. W pracy autorzy
postuzyli sie iteracyjna metoda wyznaczania optymalnych wartosci cech roju robotéw, w oparciu o zbiér wszyst-
kich przyjetych, mozliwych wartosci, w celu uzyskania teoretycznie najlepszych wynikéw dla realizowanych zadan,
takich jak transport konwojowy czy rekonesans. Stopienn poprawnosci realizacji zadania byl mierzony z uzyciem
autorskiej metody graficznej. W artykule zawarto opis dzialania metody oraz przykladowe wyniki przeprowad-
zonych badan numerycznych.

LITERATURA

[1] J. Montusiewicz, S. Skulimowski, T. Lypovyi, Simulation of swarm behaviour as a method of examining
students’ capability to conduct experiments — a case study, INTED 2017 Proceedings, ISSN 2340-1079, IATED
Academy, Valencia, Spain, 2017, 8655-8664.

[2] J. Montusiewicz, S. Skulimowski, Designing inquiry-based learning conditions within 3d-simulation environ-
ment, EDULEARN 17 Proceedings, ISSN 2340-1117, IATED Academy, Barcelona, Spain, 2017, 10468-10477.
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Politechnika Lubelska (Lublin)
Rownania ewolucyjne w skali przestrzeni Banacha

Omowione zostanie istnienie i jednoznacznos$é rozwiazania liniowego réwnania ewolucyjnego w skali przestrzeni
Banacha. Generator rownania spelnia wszystkie klasyczne zalozenia metody Ovsyannicova jako perturbacja
generatora polgrupy Co dzialajacego na kazdej przestrzeni ze skali. Rozwazone zostana przyklady réwnan
ewolucyjnych dla proceséw wystepujacych w naukach o zyciu, chemii, ekologii i innych, gdzie obiektem badan sa
duze uklady jednostek oddzialujacych miedzy soba i ze srodowiskiem. Pokazane zostanie zastosowanie metody
Ovsyannicova do nieskoriczonego procesu fragmentacji na odpowiednich przestrzeniach ciagltych.

LITERATURA

[1] Y. Kozitsky, A. Tanas, Self-Regulation in Infinite Populations with Fission-Death Dynamics, Physics Letters,
Section A: General, Atomic and Solid State Physics 382 (2018), no. 35, 2455-2458.

[2] A. Tanas, A continuum individual based model of fragmentation: dynamics of correlation functions, Annales
Univ. Mariae Curie-Sklodowska, sectio A - Mathematica 69 (2015), no. 2, 73-83.

KATARZYNA TRABKA-WIECLAW

Lublin University of Technology (Lublin)
Coefficient estimates in a certain class of analytic functions

Let A denote the class of functions f analytic in the open unit disc D = {z € C : |z| < 1} normalized by
f(0) =0, f'(0) = 1. Moreover, let A} be the class of functions defined by
, 2 € D} )

(S57) - <cen |55

where ¢ € (0,1) and dgqf is the g-derivative of f introduced by Jackson in [1, 2] as

AZZ{fEA: <(1+9)

dof(z)= LW =T cp\qo) and  dyf(0) = £(0).

qz — 2

This paper mainly considers the problem of determining coeflicients in the class Aj.
Theorem 2. If f given by f(z) = z+ > anz", z € D, belongs to Ay, then
n=2

1+¢q

1 2 1 2(242q — ¢*
wf < 114, jag| < LFDC+a) < Q+a)°(2+29-¢q7)

8q? o < 16¢3(1 + q + ¢?)

Some other useful properties of this class are also considered.

This presentation is based on a joint work with RAVINDER KRISHNA RAINA (M.P. University of Agriculture and
Technology, Udaipur, Rajasthan, India) and JANUSz SokoOr (University of Rzeszéw, Rzeszéw, Poland).

REFERENCES

[1] F.H. Jackson, On g-functions and certain difference operator, Trans. R. Soc. Edinb. 46 (1908), 253-281.
[2] F.H. Jackson, On g-definite integrals, Quart. J. Pure Appl. Math. 41 (1910), 193-203.
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Rzeszow University of Technology (Rzeszow)

Certain subclasses of starlike functions

We consider the classes of starlike functions defined by certain differential subordination. Several mapping
properties implied by conditions on zf(2)/f(z), where f in a standardly normalized analytic function in the unit
disk D = {z € C : |z| < 1}, are investigated. Conclusions on analytic functions as consequences of main results
are also presented.

The presentation is based on a joint work with Ranim KARGAR.

Bronis,aw WAJNRYB

Rzeszow University of Technology (Rzeszow)

Problem $redniowalnosci dla grup dyskretnych i grupa
I Richarda Thompsona

Dyskretna (przeliczalna) grupa G jest éredniowalna gdy na zbiorze wszystkich podzbioréow grupy G istnieje
skoriczona, skoriczenie addytywna miara niezmiennicza ze wzgledu na przesuniecia (mnozenie przez elementy G).
Zdefiniuje pojecie grafu Cayleya dla grupy i przypomne warunek Fglnera rownowazny sredniowalnosci grupy G.
Wyttumacze kilka nowych warunkéw koniecznych dla sredniowalnosci grupy o dwoch generatorach. Przypomne
definicje stynnej grupy F' opisanej przez Richarda Thompsona i omoéwie problem $redniowalnosci dla tej grupy.

The amenability problem for discrete groups and
Richard Thompson’s group F

A discrete (countable) group G is amenable if there exists a finite, finitely additive measure defined on all
subsets of G and invariant with respect to translations (the multiplication by the elements of G). I shall define
the notion of the Cayley graph of a group and I shall recall the Fglner condition which is equivalent to the
amenability of group G. I shall explain several new necessary conditions for the amenability of a group with two
generators. I shall recall the definition of the famous group F' defined by Richard Thompson and I shall discuss
the amenability problem for this group.

AGNIESZKA WISNIOWSKA-WAJNRYB

Rzeszow University of Technology (Rzeszéw)

Selected properties of k-uniformly starlike functions

Let S denote the class of all functions f that are analytic and univalent in the open unit disk U = {z € C :
|2| < 1} and normalized by f(0) = f'(0) — 1 =0.

Let v: 2z = z(t), t € [a,b], be a smooth directed arc and suppose that a function f is analytic on . Then the
arc f(v) is said to be starlike with respect to wo ¢ f(y) if arg(f(2(t)) — wo) is a nondecreasing function of ¢.

In 1991 Goodman introduced geometrically defined class UST of uniformly starlike functions. A function
f € S is in the class UST if for every circular arc v C U with center ¢ € U, the arc f(v) is starlike with respect
t0 £(0).

In 2013 the author introduced the notion of k-uniform starlikeness which is intermediate between beeing starlike
and uniformly starlike functions. Recall that a function f € S is said to be k-uniformly starlike in U, if the image
of every circular arc v contained in U with center at ¢, where |¢| < k (0 < k < 1), is starlike with respect to f(().

The aim of this note is to present selected properties of k-uniformly starlike functions.
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JOZEF ZAJAC

The State School of Higher Education in Chetm (Chelm)

Boundary normalized harmonic mappings of the unit disc with
applications to aerodynamics

Assume that 7 is the family of all harmonic mappings of the unit disc D := {z € C : |z| < 1} into itself.
Motivated by the pipe gas flow problems we study some Schwarz type inequalities defined for some subclasses
of the class H established by fixing the points ey := *5" for k € Z. Denoting by Ti the arc of the unit circle
T :={z € C: |z| = 1} with length 27, joining points ex and ex41 for k € {0,1,2} we define the following class F
of all ' € H such that

liril F(rz) € conv(T, U{0}), for ae. z€ Ty, k € {0,1,2}.
r—1"

Within this class we will determine precisely the Schwarz set

RSF({0}) = |J {F(O)}.
FeF
Moreover, we consider similar problem for the class 7' C H of all injective mappings of D onto itself and satisfying
the following condition
lim F(rex) =ex, ke€{0,1,2}.

r—1—
Some applications of the obtained results will be presented in relation with aerodynamical problems of the jet
engine gas flow.

Pawer ZAPRAWA

Lublin University of Technology (Lublin)
On circularly symmetric functions

Let D C Cand 0 € D. A set D is said to be circularly symmetric if, for each ¢ € R™, aset DN{¢ € C: [¢| = o}
is one of the form: an empty set, a whole circle, a curve symmetric with respect to the real axis containing p.
A function f analytic in the unit disk A = {¢ € C : || < 1} and satisfying the normalization condition
f(0) = f'(0) — 1 = 0 is circularly symmetric, if f(A) is a circularly symmetric set. The class of all such functions
is denoted by X.

We discuss various subclasses of X, among others X’ or Y consisting of functions which are locally univalent
or univalent, respectively. Some coefficient problems are solved. We also discuss the starlikeness, convexity and
univalence for X’. Moreover, the results concerning omitted values and Koebe domains are found.
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